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4, “Sraps”’: Suppose three parallel rows of points in juxtaposition, as in Fig. 1. 


Fia. 1. Fia. 2. 


One of these (B) is immovable, while A and C move in opposite directions with equal velocity 
so as to come into the position represented in Fig. 2. The movement of C relatively to A will be 
double its movement relatively to B, or, in other words, any given point in C has passed twice 
as many points in A as it has in B. It cannot, therefore, be the case that an instant of time 
corresponds to the passage from one point to another. 


Tannery’s Interpretation of Zeno’s Arguments. As reported by Aristotle and 
Simplicius, Zeno’s arguments are fallacies. That Zeno’s reasoning was wrong 
has been the view universally held since the time of Aristotle down to the middle 
of the nineteenth century. During these many centuries the efforts of philos- 
ophers and mathematicians on this matter were to explain the exact nature of 
Zeno’s blunders. More recently the opinion has been advanced that Zeno was 
incompletely and incorrectly reported, that his arguments were turned away 
from their true purpose by the Sophists who used them in advancing skepticism 
and the denial of knowledge, and that Aristotle described them as modified by 
the Sophists. Three great leaders in the interpretation of Greek thought, 
Cousin, Grote and P. Tannery, have construed Zeno’s arguments as serious 
efforts, conducted with logical rigor. Cousin! maintained that Zeno successfully 
opposed the idea of multiplicity devoid of all unity. Grote? held a similar view. 
Tannery® argued that Zeno opposed the idea that a point is unity in position. 
Zeller* rejects ali three explanations, mainly on the ground that they do not 
find support in the extant writings of Greek philosophers. It is also true that no 
Greek account definitely refutes any of the three interpretations. This lack of 
exact and detailed information is deplorable. Tannery’s resuscitation of Zeno’s 
arguments deserves our attention because of the internal coherence imparted to 
them. According to Tannery, Zeno did not deny motion, but wanted to show 
that motion was impossible under the conception of space as the sum of points. 
Tannery does not battle against the traditional statement that Zeno argued 
against plurality; he accepts Plato’s general explanation, but differs from him 
ana others on the precise nature of this plurality. According to Tannery it was 
not the ordinary notion that Zeno combated, according to which two lambs 


This version of the “‘Arrow’’ must be rejected for two reasons: First, it occurs for the first 
time about 700 years after Zeno and is for that reason unreliable; second, there is no kernel to 
the argument. As Gibson says, it amounts to this: “If a body moves, it must move under con- 
ditions which render motion impossible.” 

1 Fragments philosophiques, par M. Cousin. 5°me éd., Paris, 1865, p. 69. 

2 George Grote, Plato, Vol. I, 3d ed., London, 1875, pp. 100-104. 

?Paul Tannery, “Le concept scientifique du continu. Zénon d’Elée et Georg Cantor,’ 
Revue philosophique de la France et de L’Etranger, X année, T. XX (1885), pp. 385-410; Paul Tan- 
nery, Science helléne, Paris, 1887, pp. 247-261. 

4E. Zeller, Die Philosophie der Griechen, 1. Theil, 1. Hilfte, 5. Aufl., Leipzig, 1392, pp. 591- 
604. 
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are not one lamb, but a special notion of the Pythagoreans. Zeno’s master, 
Parmenides, was attacked (says Tannery) by the Pythagoreans, and Zeno stepped 
into the conflict by battling against the mystical Pythagorean idea of a mathe- 
matical point—a point defined as wnity having position. This Pythagorean 
definition is mentioned by Aristotle. Tannery interpreted this definition as 
signifying that a solid is the sum of points, just as a number is the sum of units. 
But such an idea is false. A point, mathematically speaking, is not unity or 1; 
it is a pure zero or 0. This interpretation of the phrase unity having position 
attributes to Zeno the grasp of an abstract concept, namely that of a point, 
destitute of length, breadth and thickness. That it is not unreasonable to 
ascribe to Zeno such abstractions seems evident from the following passage in 
Aristotle: 


“Tf the absolute unit is indivisible it would be, according to Zeno’s axiom, nothing at all. 
For that which neither makes anything larger by its addition, nor makes anything smaller by its 
subtraction, is not one of the things that are, since it is clear that what is must be a magnitude, 
and, if a magnitude, corporeal, for the corporeal has being in all dimensions. Other things, such 
as the surface and the line, when added in one way make things larger, when added in another 
way do not; but the point and the unit do not make things larger however added.” 


It is hard to make out how much of this is the thought of Aristotle, and how 
much of it is Zeno’s. Yet there would be no occasion,to mention Zeno, had he 
no share in it. 

It is believed by many critics that Zeno gave his arguments in the form of 
dialogue. Acting upon this view, Tannery entered upon the reconstruction of 
Zeno’s arguments from the compressed passages handed down to us. Consider 
the following argument of Zeno on divisibility, as stated by Simplicius: 


“Tf that which is, has no magnitude it could not even be. Everything that truly is must 
needs have magnitude and thickness, and one part of it must be separated from another by a 
certain interval. And the same may be said of the next smaller part; it too will have magnitude, 
and a next smaller part. As well say this once for all as keep repeating it forever. For there 
will be no such part that could serve as a limit. And there will never be one part save in reference 
to another part. Thus, if the many have being, they must be both large and small—so small as 
to have no size at all, and so large as to be infinite.” 


Tannery’s reconstruction of this passage is as follows: 

A Pythagorean adversary claims that a finite quantity can be regarded as 
the sum of indivisible parts. 

Zeno presents the first part of the dilemma resulting therefrom, thus: Ad- 
mitting, as both of us do, that a quantity is infinitely divisible by continued 
bisection, it is evident that the parts become smaller and smaller. Hence, if 
there is a last term, it is 0. But the sum of such indivisible terms 0 is only 0. 
Hence the quantity has no magnitude. 

But, says his adversary, why may the indivisible parts not be different from 0 
and have magnitude? 

1 Aristotle, Met., II, 4, 1001 b 7; translation taken from C. M. Bakewell, Source Book in 


Ancient Philosophy, New York, 1907, p. 23. 
2 Simpl. 140, 34 [R. P., 1050, Fr. 2 in Diels’ arrangement]; C. M. Bakewell, op. cit., p. 22. 
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Then Zeno presents the second part of the dilemma: If the indivisible parts 
have magnitude, and are infinite in number, the sum of these parts must be 
infinite. 

Consequently, a finite quantity cannot be regarded as the sum of indivisible 
parts. 

This explanation of Zeno’s argument places Zeno certainly higher as a logician 
than does the old explanation which charged Zeno with inability to see that, if 
xy = c, x can increase and y simultaneously decrease in such a way that their 
product remains the same. 

Now, let us see how Tannery applies a point as unity in position to the resusci- 
tation of Zeno’s arguments on motion. Tannery presents them in the form of a 
double dilemma. 

The first argument, the “Dichotomy,” involves matters which we have con- 
sidered above, in connection with infinite division. As long as space is assumed 
to be made up of indivisible parts, the infinite number of parts, admitted by 
both contestants to result from continued bisection, cannot all be passed over in a 
given time. 

The adversary may now present the point advanced by Aristotle, that the 
bisection is not carried on to actual infinity, but only to a potential infinity, and 
may therefore be run over in a finite time. 

Zeno replies by stating the “Achilles,” which does not involve bisection and 
in which the time-interval is subdivided in much the same way as the space- 
interval. 

The adversary then takes the position that he has admitted too much. Finite 
time, he claims, is capable of division into an infinity of parts. Is there not a 
sum of instants? May there not correspond an instant to each successive 
position? 

Against this Zeno directs his last two arguments, which constitute a second 
dilemma. At each instant the flying arrow occupies a fixed position. But 
occupying a fixed position at a given instant means that it is at rest that instant. 
Hence the arrow is at rest every instant of its flight. 

The adversary explains that when saying that time was the sum of instants, 
he did not mean that each instant should apply to a fixed position of the arrow, 
but rather to the passage from each position to the next following position. 

Here Zeno advances his “Stade” as his fourth argument. He shows that 
the demand of his adversary cannot be granted, because it would make all 
motions equal. 

A motion from a point A (see Fig. 1 and Fig. 2) to the next point on the left 
requires one instant. 

A motion from a point C to the next point on the right requires the same 
instant. 

Hence A moves relatively to C twice as fast as relatively to B. 

It is therefore not the passage from one point to the next that corresponds to 
the instant, for it would then follow that one is equal to its double. 
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Tannery’s explanation of the four arguments, particularly of the “Arrow” 
and “Stade,” raises these paradoxes from childish arguments to arguments with 
conclusions which follow with compelling force. It does not place Zeno in the 
position of being ignorant of the most simple ideas of relative motion; it exhibits 
Zeno as a logician of the first rank. 

Tannery’s conclusions have been strongly supported by G. Milhaud,’ but. 
opposed by other French writers and by Zeller. 


CENTERS OF SIMILITUDE OF CIRCLES AND CERTAIN THEOREMS 
ATTRIBUTED TO MONGE. WERE THEY KNOWN 
TO THE GREEKS? 


By RAYMOND CLARE ARCHIBALD, Brown University. 


One of the most noticeable characteristics of French, German and Italian, 
as opposed to American, texts on elementary geometry is the emphasis laid on 
broad underlying principles. How many American high-school graduates could 
give one any idea of the theory of similitude of plane and solid figures? How 
many teachers realize the importance of this far reaching theory in the solution 
of geometrical problems, or are familiar with the equivalent of Petersen’s excellent 
exposition?? At all events it seems well worth while to draw attention to some 
simple results in the theory, and to put on record their historical setting. The 
theorems attributed to Monge, which I propose to discuss, involve the centers of 
similitude of circles (spheres). 

The centers of similitude of two circles (spheres), whose centers are A and 
B, are the points which divide AB internally, at C, and externally, at D, in the 
ratio of the radii, ra, rs (ra = 12); 


AC :CB = AD: BD= 14: 


The circles (spheres) may be situated in any fashion. If they are tangent 
(internally or externally), the point of tangency is a center of similitude. If 
concentric, we may, perhaps, say that either A, B, C, D coincide or else A, B, 
C coincide while D is indeterminate. If they are equal and non-concentric, D is 
at infinity’ and C bisects AB. 

Lines joining the ends of parallel radii pass through a center of similitude, and 
common tangent lines (planes), when they exist, also pass through such a center. 
Conversely, if through a center of similitude, D (or C), of two circles a line be 

1G. Milhaud, “Le concept du nombre chez les Pythagoriciens et les Eléates,” Revue de: 
métaphysique et de morale, I, Paris, 1893, p. 141. 

2 J. PeTersEeN, Methods and Theories for the Solution of Problems of Geometrical Constructions, 
Copenhagen, 1879, pp. 22 ff. This is an English edition of the remarkable Danish original. There 
are also French, German, Italian, Hungarian and Russian translations making in all some 15 


editions. Because of its many notable qualities, this work stands preeminent in its special field. 
8 This is, of course, more an idea of projective, than of elementary, geometry. 
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drawn to cut the circles! in P, Q, P’, Q’, AP and BP’, AQ and BQ’ are pairs of 
parallel lines. There is similar obvious extension to spheres with tangent or 
secant lines. 

In the first edition of his Géométrie Descriptive,? Monge derived the following 
results: 

(A) The six centers of similitude of three coplanar circles lie by threes on four 
straight lines. 

(B) The vertices of the six common tangent cones of three spheres, taken in pairs, 
lie by threes on four straight lines. 

(C) Given any four spheres in space fixed in magnitude and position, and the six 
cones tangent to them in pairs, externally; then the six vertices lie in a plane and indeed 
on four straight lines in the plane. If the six other tangent cones be drawn, then 
their vertices lie by threes in planes with threes of the first group. 

I believe that there has never been any question as to Monge’s priority of 
discovery of theorem (C), about which I will add further comment presently. 
With regard to the particular case, theorem (A), (to which (B) is practically 
equivalent), a contemporary has been given some credit for its formulation. 
But, so far as I am aware, it has never before been suggested that it was 
known to the Greeks. In the following paragraphs I discuss these two views. 


I. 


Loria states:* “ According to Fuss (Nova Acta Petrop., T. XIV, 1805) Monge 
was inspired by d’Alembert.” Ké6tter remarks:‘ “It has been noted by Grunert 
that Fuss published the Monge discussion [concerning circles], referring it back to 
d’Alembert,” and a citation from Nova Acta, similar to the above, is given. Finally, 
as noticed by a correspondent of L’Intermédiaire des Mathématiciens,> according 
to Chasles,® Fuss attributes to d’Alembert the theorem for circles, while Carnot,’ 
on the contrary, assigns it to Monge. 

As Loria’s statement is incorrect, while those of Grunert and Chasles are 


1T consider the circle defined as a curve. It is to be noted, however, that this is not the 
definition generally used by modern writers. To be convinced of this it is sufficient to refer to the 
works of Enriques and Amaldi, Faifofer, Hadamard, and Ingrami. 

2G. Monas, Géométrie descriptive. Legons données aux écoles normales l’an de la republique 
Paris . . . an VII [1798], pp. 54-55. In a new edition by Hachette, Paris, 1811, pp. 65-67. 
Hachette published in 1812, a supplementary volume, to pages 20-21 of which reference in this 
connection should be given. In English we have, An elementary Treatise on descriptive geometry 
with a theory of shadows and of perspective: extracted from the French of G. Monge... by J. F. 
Heather, London, 1851; our results are given on pp. 49-50. A free German translation of 
Monge’s work, by G. Schreiber, was published at Karlsruhe and Freiburg, 1828. But a literal 
translation with notes, to which we will presently refer, was given in R. Haussner’s edition, 
Ostwald’s Klassiker, Nr. 117, Leipzig, 1900; our theorems occur on pages 68-70. 

3In his history of ‘‘ Perspektive und darstellende geomentrie,”’ in Cantror’s Vorlesungen 
tiber Geschichte der Mathematik, Bd. 4 (1908), p. 629. 

4K. Koérrer, Die Entwickelung der synthetischen Geometrie, Leipzig, 1901, p. 112. 

5 Question 1418, 1898, p. 271 and 1911, p. 29. No reply has so far been published. 

6 CuasLes, Apercu historique, 3° éd., Paris, 1889, p. 293. 

7 Carnot, Mémoire sur la relation qui existe entre les distances relatives & cing points quelconques 
pris dans l’espace, suivi d’un Essai sur la théorie des transversales, Paris, 1806, p. 87. 
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only partially correct, it may be well to set forth exactly what Fuss did give in 
this connection. 

. The paper of Fuss, referred to above, was presented to the Academy, July 4, 
1799, and entitled, ‘‘ Demonstrations de quelques théorémes de géométrie.” It 
commences as follows:! “ Several years ago a young Frenchman, then employed 
in the ‘ Corp Imperial ’ of the ‘ Cadets de Terre,’ spoke to me about a geometrical 
theorem which, at the time when he was at Paris in the Royal military school, 
had some celebrity and was attributed to the late M. d’Alembert. Of this 
theorem I gave him a demonstration which I have recently found on looking 
over my papers.” Fuss then takes up the theorem concerning the eaternal 
centers of similitude of three circles (and this seems to be the theorem which he 
believed due to d’Alembert, although the more general one of Monge had been 
already published), before proceeding to properties “not less remarkable.” 

He considers four circles of different radii and in the same plane, and shows 
that the six external centers of similitude lie by threes on four straight lines. And, 
for n coplanar circles, the n(n — 1)/2! external centers of similitude are situated, in 
general, by threes on n(n — 1)(n — 2)/3! different straight lines. 

This is extended to n spheres with their centers in the same plane. The 
vertices of the cones tangent to the spheres in. pairs (the centers of the spheres in 
each case on the same side of the vertex of the tangent cone) have exactly the 
properties indicated above for the centers of similitude. 

Next, in taking up the corresponding theorems for a sphere, Fuss shows that: 
If three small circles are enclosed in pairs by two great circles tangent to them the 
intersections of the three pairs of great circles are situated on the same great circle. 
A similar theorem is given for n small circles on a sphere. 

In none of the discussion are internal centers of similitude mentioned. On 
the other hand, as we have seen above, Monge stated three general theorems, 
namely (A), (B), (C), concerning both internal and external centers of similitude. 

To make clear all that is implied in Theorem (C) it may be well to state the 
results symbolically.? If En, , denote the external, and J», », the internal centers 
of similitude of the spheres S,, and S, (m, n = 1, 2, 3, 4 and m =n), the following 
groups of points lie in planes: 


Fi, 2, 3, Ei, 4, Eo, 3, Es, 4, Es, 4; ) 
Ei, 2, 3) a Fr, 3, Ip, 45 Ts, 45 
Fi, 2 hi, 3, E1,4, Ie, 3, Es, 4, Is, 43 ¢ 
Ei, 3, Ei, 4, Is, 3, Io, 4, Es, 4; 
Ti, 4, Es, 3, Es, 4, Es, J 


Monge overlooked the three planes :* 


1 Nova Acta Ac. Sc. imp. Petropolitanae, Tome 14 (1797-1798), Petropoli, 1805, p. 139. 

2Cf. Haussner, l. c., p. 200. 

8 Loria makes two more errors (I. c.) by asserting that in theorem (C) “ findet man einige 
Unrichtigkeiten, da Monge die Ebenen nicht betrachtete, von denen jede zwei innere und vier 


-> 
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2» 35 E,, 4y 33 Is, 4y Is, 45 
Fi, 3, Is, 3» 4) Is, 43 
Fi, 2» Ih, 3> qh, 45 To, 3) To, 4) Es, 4: 


It is now apparent that so far as the testimony of Fuss! is concerned the name 
of d’Alembert should be associated with a very small portion, at most, of the 
theorem concerning the centers of similitude of three circles,” and that the terms 
“theorem of d’Alembert ’” or “ lines of d’Alembert,”® employed in connection 
with discussion of the four axes of similitude, are introduced both incorrectly and 
in a way to do injustice to discoveries of Monge. 


II. 


Let us now consider the question, Who was the discoverer of the centers of 
similitude* of two circles? Cantor asserts very definitely® that Francois Viéte® 
[1540-1603] should be so considered. But from what follows it will be clear that 
many hundred years before Viéte’s time, Greeks were familiar with the points 
and several of their properties. 

My argument is based almost wholly upon portions of the Mathematical 
Collections’ of Pappus (ec. 300 A. D.) and, more particularly, upon that part of it 
which describes the work On Tangencies by Apollonius of Perga (c. 225 B. C.). 
Among many other propositions which come up incidentally Pappus proves the 
following: 

1. If two circles touch internally or externally and through the point of contact 
any two lines be drawn, the chords joining the points of intersection of these lines 
with each circle are parallel (pp. 832 f., 826 f.). 

2. If two circles do not meet, the common direct tangent passes through the 
external center of similitude® (pp. 850 f.). 


diussere Ahnlichkeitspunkte enthilt.” From the above it is clear that there are no “ Unrichtig- 
keiten ” in the theorem. Monge simply did not notice the three planes (here remarked) through 
four internal and two external centers of similitude (not two internal and four external as Loria 
asserts). In this connection Haussner also makes a slip (I. ¢., p. 199.) 

1 That is, in connection with the 1799 memoir cited above. 

2T have vainly searched d’Alembert’s Opuscules mathématiques, 8 tomes, Paris, 1761-1780, 
for any reference to this theorem. 

5 Used, for example, by F.G.M. Ezercices de Géométrie, 5° éd., 1912, pp. 81, 146, 1260, 1272. 

4 The term center of similitude is due to Euler: “‘ De centro similitudinis,’”’ Nova Acta acad. sc. 
Petrop., Vol. 9 (1791), 1795, p. 154—“‘ Conventuri exhib. die 23 Octob. 1777.” 

5M. Cantor, Vorlesungen tiber Geschichte der Mathematik, Bd. 22 (1900), pp. 590-591. 

$F. Vibts, Apollonius Batavus, Paris, 1600; reprinted in Opera mathematica, Lugd. Bat., 
1646, pp. 325-338; also reprinted by J. W. CaMERER in Apollonii de tactionibus quae supersunt, 
Gothae et Amstelodami, 1795, pp. 1-58 at end. 

7 Pappi Alexandrini Collectionis . . . edidit . . . Hultsch. Berolini, I (1876), pp. 195-201; 
II (1877), pp. 644-649; 820-853. 

8 Aristarchus (310-250 B. C.) gave a more general result. It is Proposition 1 of his work 
“On the Sizes and Distances of the Sun and the Moon ’’: “‘ Two equal spheres are comprehended 
by one and the same cylinder, and two unequal spheres by one and the same cone which has its 
vertex in the direction of the lesser sphere; and the straight lines drawn through the centers of the 
spheres is at right angles to each of the circles in which the surface of the cylinder, or of the cone, 
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3. If a circle C3 is externally tangent to two other circles C;, C2, externally 
tangent to each other, the points of tangency of C1C3, C2Cs, lie in a line with the 
external center of similitude of C,C2 (p. 208 f.). 

4. The line joining the ends of two parallel radii drawn in opposite directions, 
of two equal circles, passes through the internal center of similitude (pp. 194 f.). 

To sum up, we here find fundamental theorems concerning (a) internal and ex- 
ternal centers of similitude of tangent circles; (b) the external center of similitude 
of unequal circles and (c) the internal center of similitude of equal circles. We 
have also, in 3, a particular case of part of Theorem (A) of Monge: Given three 
circles Ci, C2, and C3, the internal centers of similitude of C\C3 and C.C3 are in a 
line with the external center of similitude of C, and C2. 

I think further that it may be pretty conclusively shown, that the Greeks were 
familiar with the idea of the centers of similitude of two circles, in the general 
case and not alone in the particular cases referred to above. To make this clear 
I must recall a lemma given by Pappus in connection with his account of the 
second book of Apollonius On Tangencies. The main problem of this work 
is to describe a circle tangent to three given circles. If we regard lines and 
points as limiting cases of circles, we get ten types of problems, all of which 
were considered by Apollonius. In the second book only two types remain to 
be considered, namely :! (1) to describe a circle tangent to two given lines and to a 
given circle; (2) to describe a circle tangent to three given circles. 

Now the famous lemma which Pappus gave for the solution of this latter 
problem is the following: ‘‘ Given a circle in position, and the points D, FE, F ona 
straight line; it is required to draw, to a point A of the circle, DA, AE to meet 
the circle again in B and C, such that BC lies in a line with CF.’” 

How can this lemma be used to solve the Problem of Apollonius? Pappus 
does not tell us. Viéte and hundreds of others who have given solutions of the 
problem use methods in no wise involving the lemma; these methods can there- 
fore bear little relation to that of Apollonius. I believe that Robert Simson, 
who did such signal service in the restoration of Euclid’s Porisms, was the first 
to conjecture as to which one of the problems in Tangencies the lemma was sub- 
sidiary. He has written: “‘ Often indeed have I revolved the subject in my mind, 
but I have never succeeded in arriving at any satisfactory conclusion; except that 
the lemma, by no uncertain marks, appeared to be necessary for the following 
problem: two circles and a point being given by position, it is required to describe 
a third circle which shall touch the given circles and pass through the given point. 


touches the spheres.” Cf. Aristarchus of Samos the Ancient Copernicus, ed. by T. L. Heath, 
Oxford, 1913, pp. 354-355. In the course of the proof of this proposition it is shown that the 
vertex of the cone is a center of similitude. 

1 Pappus, /. c., pp. 646-7. 

2 The generalization of this lemma to the case where D, E, F, are not necessarily collinear, 
was first found by Robert Simson in 1731. The further generalization for any polygon inscribed 
in a circle was given by Giordano di Ottajano, a youth of sixteen, in 1784. Early in the nineteenth 
century, with the birth of the principle of duality and the development of projective geometry, the 
problem was solved for polygons circumscribed and inscribed to cones. Researches of Townsend, 
Potts and Renshaw led up to discoveries of Sir William Rowan Hamilton regarding polygons 
inscribed in a sphere, or an ellipsoid, or an hyperboloid, and with sides passing through given points. 
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In what manner, however, the lemma might be subsidiary to this problem I did 
by no means perceive. I have directed my attention to the solutions of Viéte 
and others, hoping that by chance I might hit upon the analysis requiring this 
lemma; but in vain until this day, after various trials, I discovered the true anal- 
ysis of Apollonius,—to which indeed both this Prop. 117 of Pappus as well as 
Props. 116 and 118 are manifestly subsidiary. February 9, 1734.”! Simson 
then proceeds to set forth the analysis and synthesis of his solution after the Greek 
manner. 

From editions of Pappus in his day, Simson could not learn that while the 
problem he attacked was in the first, the lemma he referred to was in the second, 
book of the Tangencies. With very similar reasoning, however, his method might 
have been extended to the case of a circle tangent to three given circles. Doubt- 
less independent of Simson, this was first done, I believe, by Scorza in 1819.2 In 
effect his method was the following. 

Let A, B, C be the centers of the three given unequal circles which are also 
named by these letters. Let a, b, c be their respective radii. Moreover, suppose 
that the circles do not meet and that no one is inside another; then there are eight 
solutions corresponding to the different cases. It will suffice to consider a single 
case, when, say, the circle PQR is tangent to A internally at P, and to B, C ex- 
ternally, at Q, R respectively. Then QR passes through D the external center of 
similitude of B and C (Pappus, p. 210); and PR, PQ pass through E, F the internal 
centers of similitude of A and C, A and B respectively. 


Let PR, PQ meet the circle A again in R’ and Q’, and let R’Q’ meet DF in 
D’. Then since QR is parallel to Q’R’ (Pappus, p. 832), D’ is fixed by the ratio 
DF/D'F = b/a. 

1R. Smuson, Opera Quaedem Reliqua, Glasquae, MDCCLXXVI Appendix, pp. 20-23. Cf. 
T.S. Davies in The Mathematician, March, 1848, Vol. 3, p. 78. 


2G. Scorza in “ Divinazione della soluzione Apolloniana del problema de tre cerchi’”’ by 
V. Flauti, Atti della Reale Accademia delle Scienze e Belle Lettere, Vol. 1 (1819), 77-78. 
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Hence, if £ lies in the line DF,! the solution of the case of the problem we are 
considering is reduced to inscribing in the circle A a triangle PQ’R’, whose side 
produced shall pass through the fixed collinear points E, F, D’. This can be done 
by the lemma. The other cases may be treated in a similar way. 

In the above I have neither paused to elaborate the details of the various 
steps nor endeavored to set forth the whole in the Greek manner. To fill in these 
lacunae, the interested reader may turn to the writings of Pappus, Simson, 
Flauti, Scorza, and Zeuthen*—for the weighty testimony of Zeuthen favors the 
solution just given as the most probable original of Apollonius. 

In the course of this restoration not only have various properties of centers 
of similitude of circles, mentioned earlier in this paper, been used, but Monge’s 
Theorem (A) has also been necessary. I therefore hold that Theorem (A) and 
centers of similitude were discovered by the Greeks. How much the more is the 
assertion concerning “ Monge’s Theorem” confirmed, when we recall that it 
follows immediately, on applying to the triangle ABC, the converse of the 
theorem of Menelaus of Alexandria (c. 80 A. D.) with regard to transversals.? 


A CARDIOIDOGRAPH. 
By C. M. HEBBERT, University of Illinois. 


In his book called “ Linkages’ J. D. C. DeRoos illustrates a rather compli- 
cated linkage for describing a cardioid. A simpler form of cardioidograph is 
presented in this paper. 

The cardioid may be defined as the path traversed by any point of the cir- 
cumference of a circle as it rolls upon a fixed coplanar circle of the same radius. 
In figure 1 consider the cardioid which is the path of the point B of the rolling’ 


1 Recalling the theorem of Aristarchus referred to above (note 8, page 9) a possible Greek 
mode of proof (followed by Monge) that D, EH, F are collinear, is the following. Consider A, B, C 
as great circles of three spheres. If the two transverse planes tangent to the sphere A and to the 
spheres B and C, be drawn, these planes will each pass through the three centers of similitude, 
D, E, F; that is, these points lie on the line of intersection of the tangent planes. A second method 
of proof, in the Greek manner, is indicated below in note 3. 

2H. G. ZeutHen, Die Lehre von den Kegelschnitten im Altertum, Deutsche Ausgabe besorgt 
von R. v. Fischer-Benson. Kopenhagen, 1886, pp. 381-383. 

3 In the above figure, for instance, 


and conversely. This is Lemma I, Book III, of the Spherics of Menelaus; or, to be more accurate, 
the lemma was stated in the form: If DEF is a transversal of the triangle ABC, the ratio of AF 
to FB is equal to the ratio compounded of the ratios CD to BD and CE to EA. (Theodosii 
sphaericorum Lib. III ... Menelai Sphaericorum Lib. III . . . Messanae, 1588, pp. 36 verso— 
37 recto of second pagination, or p. 83 of Menelai sphaericorum Libri III . . . curavit vir Cl. Ed. 
Halleius. Oxonii, MDCCLVIII.) 

a 4D. Van Nostrand, New York, 1879. English translation from the Revue Universelle des 

ines. 
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circle. At the starting position shown by the dotted circle the point B was at 
A and the radius DB was in the position CA. Since are AE = arc BE and the 
circles have equal radii, angle AOD = angle ODB. Also, DB = 30D. These 
two equalities are fundamental in the construction of the linkage. 


2. 

The links, BM, MF, DO, FG, HK, KL, OL, OF, are pinned together at D, 
M, F, G, H, K, L, and O, so that OD = 2DB; DM = OF = HG; FM = OD; 
FG = OH = KL; HK = OL; and OH: HK = HG : OH (Fig. 2). 

From the similar triangles OHK, OLK, OHG, and OFG, we have angle HOL = 
angle HOF. In the parallelogram OF MD, angle FOD = angle ODB, i. e., angle 
AOD = angle ODB. 

Hence, if the part OL is kept fixed the linkage compels the point B to move 
according to the two equalities derived from the definition of the cardioid, and a 
pencil fastened at B will describe a cardioid if OL is kept fixed while the other 
parts are free to move. 


BOOK REVIEWS. 
Epitep sy W. H. Bussey, University of Minnesota. 


One Thousand Exercises in Plane and Spherical Trigonometry. By Epwtn S. 
Craw Ley. Published by E. S. Crawtey, University of Pennsylvania, 
Philadelphia, Pa., 1914, v+70 pages. $0.50. 


Professor Crawley, who is the author of a text-book on trigonometry, has 
recently published this book of exercises to be used with any text-book. The 
exercises are intended for class-room drill, and are therefore for the most part of 
an average grade of difficulty. The first 950 exercises are arranged in a classified 
list as follows: The measurement of angles (Ex. 1-25); The functions of one 


1 On the theory of linkages in general consult Arnold Emch: “ Kinematische Gelenksysteme 
und die durch sie erzeugten geometrischen Transformationen,’’ Solothurn, 1907. 
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angle (Ex. 26-125); Plane right triangles (Ex. 126-150); Problems involving the 
solution of plane right triangles (Ex. 151-305); Identities involving more than 
one angle. Inverse functions, etc. (Ex. 306-525); Plane oblique triangles (Ex. 
526-550); Problems involving the solution of plane oblique triangles (Ex. 551- 
625); Problems involving areas, altitudes, etc., of triangles, and the radii of circles 
related to a triangle (Ex. 626-700); Trigonometric equations (Ex. 701-800); 
Spherical right triangles, and quadrantal triangles, and applications (Ex. 801-870); 
Formulas of spherical triangles (Ex. 871-900); Spherical oblique triangles and 
applications (Ex. 901-950). 

Exercises 950—1,000 are of a miscellaneous character. Answers to all the 


exercises are given at the end of the book. 
W. H. Bussey. 


The Theory of Numbers. By R.D.Carmicnaey. John Wiley & Sons, New York, 
1914. 94 pages. $1.00. 


This little volume (No. 13 of the ‘‘ Mathematical Monographs ” edited by 
M. Merriman and R. L. Woodward) cortains in the first seventy-five pages an 
excellent introduction to the classical multiplicative theory of numbers, while an 
additional chapter of seventeen pages gives a brief account of the meaning of 
some advanced topics, such as Fermat’s Last Theorem, Theory of Quadratic 
Residues and Galois’ Imaginaries, all of which are too technical for a detailed 
treatment in a short introductory book. 

The volume would seem to the reviewer to be particularly valuable for self- 
study. Any reader who will thoroughly master it will have gained a clear idea 
of the fundamental questions of the theory, and will be well prepared for the 
study of more complete or more advanced treatises. 

A valuable feature is the list of 84 problems which are distributed among the 
various chapters. Many of these are of interest in themselves, and their careful 
study will do much to make the abstract theory gain a concrete meaning. 

The titles of the chapters will serve to indicate the subjects treated: 

(1) Elementary properties of integers. (2) On the indicator of an integer. 
(3) Elementary properties of congruences. (4) The theorems of Fermat and 
Wilson. (5) Primitive roots modulo m. (6) Other topics. 

The last chapter is the only one where references are given. Although the 
first five chapters are quite self-contained, an occasional reference would be 
useful, even to readers familiar with the subject. For example, the proof of 
Wilson’s theorem, as given on p. 50, while it may be well known, is new to the 
reviewer. On pages 50-51 it might well be stated in connection with Wilson’s 
theorem (although commonly omitted in books on number-theory) that the trivial 
congruences: 

(n — 1)! = 0 mod. n, for n prime, 


(n — 1)! = 0 mod. n, for m not prime, n > 4, 


furnish also a complete test for prime numbers. 
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The following misprints and slips were noticed: 

p. 14, last formula: read (mnp + na + mB) for (mnp + a+ 8); 
p. 22, last line: read 0 S b; < n for 0 < b; < n; 

p. 28, exercise 8: read “ is ” for “as ”’; 
p. 93, Index: read “ Primitive ¢-roots ” for “ Primitive y-roots.” 

In p. 29, line 2, the word “ simplest ” may be a little misleading. 

The author is to be congratulated on his happy selection of material which per- 
mits him, in this small volume, to give a clear insight into the methods employed 
in elementary number-theory, as well as to present in a well-connected fashion 
the principal results. 


A. J. KeMPNER. 
UNIVERSITY OF ILLINOIS. 


Trigonometry. By Maxime Bocuer and Harry Davis Gaytorp. New York, 

Henry Holt and Company, 1914. ix + 142 pp. 

The authors have stated in the preface that “this text-book has been prepared 
with a view to giving an adequate treatment of what is essential, in a form 
sufficiently concise so that the real simplicity and brevity of the subject may be 
in evidence,” and that “the number of principles involved is very limited and 
should not be artificially multiplied by the formulation of rules.” This ought 
to be the aim of every text-book on elementary trigonometry, but mathematicians 
will differ in their opinions as to what constitutes real simplicity and brevity. 
In reviewing this text its object must be kept in mind. We must also not over- 
look the fact, implied in the preface, that the text is not intended primarily 
for college classes, but also for beginners in the subject. 

Chapter I, covering 19 pages, after defining the six trigonometric functions 
for acute angles, etc., treats among others the following topics: the use of trigo- 
nometric tables, solution of right triangles, projections of line segments, line 
values and the variation of trigonometric functions for angles of the first quadrant, 
simple trigonometric identities and the solution of easy trigonometric equations. 

Chapter II introduces the student to logarithms. The logarithm of a number 
is first defined for the base 10, and the four fundamental principles are derived 
for logarithms of this base. In a subsequent section, in small type, the logarithm 
of a number is defined for any base, and the formula for the change of base is 
given, the method of derivation being indicated by a numerical example. 
Throughout the text the logarithms of numbers less than unity are written 
with negative characteristics and positive mantissas, the usual method being 
mentioned on page 25. The co-logarithm is used extensively. A student who 
uses the rule for the logarithm of a quotient and does not use co-logarithms, will 
find himself confronted with an expression of the type, 4.42357 — 3.96284, 
which the text does not adequately consider. 

Chapter III devotes 24 pages to the consideration of the topics: directed 
angles of any magnitude, directed line segments, the trigonometric functions of 
angles of any magnitude, etc., closing with a few examples in trigonometric 
identities, the solution of trigonometric equations and a brief note on inverse 


’ 
¢ 
9 
4 
| 
4 


16 BOOK REVIEWS 


trigonometric functions. The addition of the paragraph entitled, “Alternative 
Form of Definition,” page 36, is commendable and will aid the student in under- 
standing the line values of the tangent and secant of the second quadrant angle, 
Fig. 23, page 38. The omission of the laws for the addition of directed line 
segments and the addition of directed angles is to be regretted. Section 22 
treats of the important principles whereby the functions of any angle can be 
expressed in terms of the functions of an angle not greater than 45°. Only two 
pages are given to this work. One figure, illustrating the method of proof for 
the case A + 90°, M being taken acute, is all the student has to aid him in grasping 
the contents of the section. The principles are nowhere formulated. The chief 
criticism against this chapter is that it leaves the bulk of the work to be done 
by the instructor and makes the student dependent upon notes taken in class, 
instead of giving him a clearly written, well illustrated chapter on the subject. 
Students, in general, are not investigators, and many examples well explained 
and illustrated, whenever possible, are necessary to impress firmly the principles 
upon their minds. 

The next chapter deals with the solution of oblique triangles. The last 
two chapters are devoted to the study of spherical geometry, the formule of 
spherical trigonometry and the solution of spherical triangles. At the end of 
the text are to be found numerous and excellent exercises which are arranged 
to correspond with the chapters and their sections. 

The text has an individuality and a newness of presentation which are attrac- 
tive and stimulating, yet it is the opinion of the reviewer that real simplicity 
and clearness have been sacrificed for brevity. 

J. C. ita-worRTH. 


WASHINGTON UNIVERSITY, 
Sr. Louis, Mo. 


Algebraic Invariants. Mathematical Monographs edited by MANsFrELD MErRI- 
MAN and Rosert S. Woopwarp. No. 14. By Leonarp EvGene Dickson, 
Professor of Mathematics in the University of Chicago. John Wiley & Sons, 
New York, 1914. x+ 100 pages. $1.00. 

The series of monographs to which the present volume belongs is one of the 
most praiseworthy undertakings relating to American mathematical publications. 
It is very lamentable that some American mathematicians have been discouraged 
from preparing treatises on higher mathematics by the fact that American 
publishers have often hesitated to assume the expense of publication unless the 
particular work under consideration would promise to be a financial success. 
This has made us more dependent upon works in foreign languages than would 
otherwise have been the case, and it has had a bad indirect influence. In fact, 
at least two very eminent and extensive mathematical works which were pre- 
pared in this country have been published in a foreign language. 

To the credit of American publishers it should however be stated that in 
recent years there have appeared in America a number of treatises of such high 
mathematical standing as to make it seem unlikely that these particular works 
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could by themselves be financial successes. It is hoped that the day is coming 
when some enterprising American mathematical publishers will realize that 
leadership implies sacrifices, such as our big retail merchants have been making 
in their efforts to increase patronage. There is a great need for large mathe- 
matical treatises, encyclopedias, and other works of reference in the English 
language. Our mathematical development is to-day impeded more by the lack 
of such works than by any other one obstacle. 

Monographs like the one under review are filling a great want in our literature, 
as they tend to create an interest in some of the rich fields of modern mathematics. 
Their brevity tends to encourage some who might be overawed by the extent of 
a comprehensive treatise. Professor Dickson seems to have been very successful 
in the choice of the material for the present monograph. Beginning with very 
simple examples from plane analytic geometry, the author furnishes a number of 
geometrical interpretations and applications of invariants and covariants in the 
first part of the book, which covers 29 pages. 

Part II is devoted to the theory of invariants in non-symbolic notation and 
“treats of the algebraic properties of invariants and covariants, chiefly of binary 
forms; homogeneity, weight, annihilators, seminvariant leaders of covariants, 
law of reciprocity, fundamental systems, properties as functions of the roots, and 
production by means of differential operators.” In Part III the symbolic 
notation of Aronhold and Clebsch is explained and illustrated by simple examples. 
Great care has been taken to present the matters in a clear manner and to avoid 
the difficulties which the beginner frequently encounters in this field. 

A considerable number of exercises and illustrative examples are provided 
throughout the book, and there is a good index at the end of the volume. The 
author’s deep mathematical insight combined with his special efforts to present 
matters in a clear manner have resulted in a monograph on this important subject 
which the beginners in this field, as well as those who have already made con- 
siderable progress therein, should read with unusual interest and profit. 

G. A. MILLER. 


SOLUTIONS OF PROBLEMS. 
Epitep sy B, F. Finxet anp R. P. Baker. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 
415. Proposed by C. N. SCHMALL, New York City. 
Show that 
1 1 
tpt 


I. Sotution sy Hermon L. Stosin, University of Minnesota. 
Let us expand f(x) = z as a Fourier cosine series, 
f(x) = ao/2 + a; cos x + az cos 2a + +++, 
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Hence, we have 


2 
om == a cos = ~ [(— 1) — 1) 


and 
= 
T Jo 
Hence, 


4[cosz cos cos 
+ + 


3? 5? 


Putting z = 0, we have 
| 


m + Q, 


Note.—See also Byerly’s Fourier Series and Spherical Harmonics, p. 40, where this special 


case is handled by means of a Fourier sine series. EpiTors. 


II. SoLuTion BY THE PROPOSER. 


Let 
and 
Then 


1 1 1 1 1 1 1 1 


or, 
1 27 — 1 
21 = 22+ 22 = 21, 


Whence, 22 is known when 2; is found. When n = 2, 2; is known to be 7°/6; 


then 


Note-—The value 2; = 2/6 is deduced in Loney’s Trigonometry, page 444, where also the 
value 2 = */8 is deduced by means of the development of cos @ as an infinite product. 
a solution was given by A. M. Harpina, A. L. McCarty and the Proposer. 
same process to find 1/14 + 1/34 + 1/54 + +--+ = 24/96 and 1/1‘ + 1/2‘ + 1/34+ --- 
Epirors. 


Such 


Loney also uses the 


= 7/90. 
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III. Soxiution sy W. C. BRENKE, University of Nebraska. 


Consider the series, 


cosz . cos cos 


= + 32 + oes, 


which reduces to the given series when x = 0. 
This series may be summed. Put 


cosz , cos 3x cos (2n + 1)z 


Sn (x) 


Differentiating twice with respect to 2, we have 


S,/"(z) = — [cos x + cos 8a + --- + cos (2n + 1)z]. 


and 


Multiplying both members of the last equation by 2 sin z and expanding 
the products on the right by use of the formula, 2 cos mz sin xz = sin (m+ 1)z 
— sin (m — 1)z, we have 


2 sin 2S,'"(2) = — sin (2n + 2)z. 
Hence, 
S,'(z) = ae + C1. 


Letting n = ©, the integral vanishes as is easily seen on integrating by parts, 


and we have 
S’(x) = 0<2<t. 


Hence 
S(x) = et + 
To determine the constants, note that S’(z/2) = — (2/4), as follows at once 
from the series for tan-'x when x= 1. Hence c; = — (7/4). Also, since 


S(2/2) = 0 we get = 27/8. Therefore, 


S(t) = 
or 
cosz , cos cos 5a 


Since the series converges uniformly for all values of z, we may put z = 0, 
which gives the required result. 


4 
Na) — | sin de sin (2n + 
= 1 + 3 Qn +1 | 
|| 
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GEOMETRY. 


441. Proposed by H. E. TREFETHEN, Colby College. 
- In the triangle ABC find the locus of points at which the sides AB and AC subtend equal 
angles, 
I. Soxtution sy C. N. New York City. 


Take the base AB and the altitude CD as the axes of codérdinates. Then we 
have to find the locus of a point P such that Z APB = Z APC. Let the coér- 
dinates be A: (a, 0), B: (— b, 0), C: (0, c). The slope of the line joining (a, y1) 
and (22, y2) is (yz — y1)/(a — 21). Hence the slope m; of PB is k/(h + 6); the 
slope mz of PA is k/(h — a); and the slope ms of PC is (k — c)/h. Therefore, 
Z APB = tan™[(m1 — me)/(1 + myme)], which, on substituting the values of 
m, and me, becomes 


(0,¢) 


D(o,0) (%9) 


k(h — a) — k(h +b) 


tan +R a) 
Likewise, 
Z APC = tan tan (2) 


Hence from (1) and (2), writing 2, y for h, k, we have the required locus of P: 
— a) — y@ +b) _ Y—o)@—a) 
Upon further reduction, this becomes 
(2a + b)y* + c(a — b — 2a)y? + (2ax + bx + ab)y + e(x — a)*(a + b) = 0, 


an equation of the third degree. 
Also solved by V. M. Spunar. 


II. spy NaTHaN ALTSHILLER, University of Washington, Seattle. 


The problem may be generalized: Find the locus of the point M such that 
the two given segments AB, A’B’ subtend at M equal positive angles (MA, MB), 
(MA’, MB’). 

If the fixed positive angle (MA, MB) turns about the point Y, its sides MA, 
MB generate two projective pencils, whose double elements are the isotropic 
lines MC, MC’ (C, C’ designate the cyclical points) passing through M. From 
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this projectivity results the involution M(AA’, BB’, CC’). Hence the problem 
takes the following projective form: Given three couples of points AA’, BB’, CC’, 
find the locus of the point M such that the three couples of rays M(AA’, BB’, CC’), 
shall be in involution. Cayley proved analytically! that the locus of M is a 
general cubic passing through the given points. The following is an outline of a 
synthetic proof of this theorem and provides a method for the construction of the 
locus. 

The four points A, A’, B, B’ determine a complete quadrangle (Q:) whose di- 
agonal triangle is PQR [P = AA’, BB’; Q= AB’, A’B; R= AB, A’B’|. Let 
(Q2) be the complete quadrangle in which C, C’ are two vertices and Q, R two 
diagonal points, S denoting the third diagonal point. The two quadrangles (Q,), 
(Q2) determine two pencils of conics (7) and (a), which determine the same in- 
volution (J) on the line QR, the points Q and R being the double elements of (J). 
Let 7, and a, be those conics of the two pencils which determine the same couple 
N, N’ of (J). Besides N, N’ the two conics have two other points M, M’ in 
common. WM and M’ belong to the required locus. The line MM’ passes through 
the fixed point L which is the point of intersection of the two rays that corre- 
spond to the ray QR in the two involutions Q(AA’, CC’) and R(AA’, CC’). The 
point 7, = (MM’, QR) is the harmonic conjugate of the fixed point T = (PS, QR) 
with respect to the couple NN’. The pencil of rays (Z) and the pencil of conics 
(c) are thus projective and the locus of the points of intersection M, M’ of homol- 
ogous elenients of these two forms is a cubic (Chasles’ theorem). 

The points of the given couples may be real or conjugate imaginaries. 

If the points of one of the couples, say A and A’, coincide, this point will be a 
double point on the cubic. Such is the case in the proposed question. The 
required locus is therefore a circular cubic (C3) with a double point at A (a 
strophoid) passing through the vertices B and C of the given triangle. 

The cubic (C3) is the pedal curve of the point A with regard to the parabola 
(P), which is tangent: (1) to the line BC; (2) to the bisectors C, C’ of the angle 
BAC and its adjacent angle; (3) to the perpendiculars n, n’ erected at B and C 
to AB and AC respectively. 

Proof.—Let 0, O’ be the centers of two arcs of circles at all points of which 
the two segments AB, AC subtend equal angles. Besides A the two circles meet 
in a point M which belongs to (C3). P and P’ being the points diametrically 
opposite A in the two circles, the line PP’, according to a known property of inter- 
secting circles, passes through M and is perpendicular to AM. The points 0, 0’ 
being on the perpendicular bisectors of the segments AB, AC, the points P, P’ 
are on the perpendiculars n, n’. The angles BAO and CAO’ are equal; therefore 
the lines AP and AP’ form a couple of conjugate elements in the equilateral 
involution of rays at A, the double elements of which are the bisectors C, C’. 
Hence 


(P A(P +++) A(P’ +++) (P’ 


1A. Cayley, Collected Papers, I, p. 184. 
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The tangents to (C3) at A are the bisectors C,C’. The foot of the perpendicu- 
lar from A upon BC belongs to (C3). 

. Remarks, I. In order that all the points of (C3) shall belong to the required 
locus the condition of “equal angles”? must be replaced by “ equal positive 
angles.” Otherwise only those parts of (C3) that are included in the angle BAC 
and in its vertical angle, will posses the required property. 

II. If AC = AB, the cubic (C3) degenerates into the bisector of the angle 
BAC and the circumference of the circle circumscribed about the triangle ABC. 

III. The line of centers OO’ envelops a parabola similar to the parabola (P), 
the point A being the center of similitude. 

Editorial Note.—The formulas of analytic geometry and the procedure of syn- 
thetic geometry are both such that continuous deformations do not destroy their 
validity. The word “ subtend,” having physical connotations, is not so flexible. 


The locus in general, for the usual meaning of subtend, is made up of parts of 
two cubic curves forming a continuous curve in the projective plane without a 
continuous derivative. In the special case one cubic degenerates and the real 
part is the line BC. The heavy curves in the accompanying cuts sufficiently 
show the locus. 


443. Proposed by C. N. SCHMALL, New York City. 

A quadrilateral of any shape whatever is divided by a transversal into two quadrilaterals. 
The diagonals of the original figure and those of the two resulting (smaller) figures are then drawn. 
Show that their three points of intersection are collinear. 


Sotution sy Larnas G. Pullman, Ills. 


[The word “(smaller)” should be omitted, as it destroys the generality of the 
proposition.] 

Using trilinear codrdinates, let ABC be the triangle of reference and designate 
the points in which the lines la + mB + ny = 0 and pa + g8+ ry = 0 cut the 
sides a, b, c by L, M, N and P, Q, R, respectively. Then BCMN, BCQR and 
QMNR are the three quadrilaterals in question. The equations of the diagonals 
are readily written as follows: 
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BM: la+ny=0, BQ: pat ry = 0, 
CN: la+ mB = 0, CR: pat+ = 0, 
RM: Ipa+ lgB + npy = 0, 
QN: Ilpa+ mp6 + Iry = 0. 
At the intersections of BM and CN, of BQ and CR, and of RM and QN, the 


codrdinate ratios are respectively: 
a: —mn : nl : lm, 
: Bo —qr : rp Pq; 
a3 : Bs :¥3 3: Prq — p’mn : — Prp : — Ppg. 


The vanishing of the determinant of these three sets of codrdinates proves the 
proposition. 
Also solved by NaTHAN ALTSHILLER, H. C. FeemstTer, and F. M. Moraan. 


444, Proposed by S. A. COREY, Hiteman, Iowa. 

Let ABCDE be a pentagon, plane or gauche, with sides AB, BC, CD, DE, and EA. Bisect 
BC and DE in H and K respectively. Extend AB from B to B’, and AE from E to E’. On 
AB’ take sects AP and AV, and on AL’ take sects AL and AT. Draw AD, AC, AH, AK, and 
DT. Let a, b, c, and d equal AL/AE, AT/AE, AV/AB, and AP/AB, respectively. Extend 
{or contract) AC from C to W, and AD from D to S, making AW = a X AC and AS = d X AD. 
Draw LM and PN parallel to, and of the same currency as, AD and AC respectively, and of 
lengths c X AD and b X AC, respectively. Draw AM, AN, ST, and WV. Draw DQ and VX 
parallel to, and of the same currency as, CB and T'S, respectively. We are to prove that 
2(ad + bc)(AK X AH X cos KAH + KE X HC X cos QDK) = AM X AN X cos MAN + 
TS X VW X cos WVX. 


SOLUTION BY THE PROPOSER. 


Let KE, HB, AH and AK, in the proposed figure, be represented by the vectors 
2, y, 2, and w, respectively. Then by vector addition, w+ 2= AE,w—2= AD, 
z+ y= AB, z— y= AC; by construction, 2 ST-WV = Z WVX, Z KE-HB 
= ZQDK, (wt+2ja=AL, LM, (2+ y)d= AP, (2 — 
= PN, (w+ 2)b = AT, (w — x)d = AS, (2 + y)z = AV, and (2 — ya = AW; 
also by vector addition, (w + x)a + (w — z)e = AM, (z+ y)d+ (2 — y)b=AN, 
(w+ x)b — (w — x)d = ST, and (2 + y)e — (2 — ya = WV. 

Consider now the algebraic identity, 


{(w + xa + (w — a)el[(z + y)d + (z — y)d] 
+ [(w + x)b — (w — x)dl[(z + ye — (2 — y)a] = 2(ad + be)(wa + zy) 


and note that when fully expanded each term is of the second degree in 2, y, z, 
and w. Also note that the identity may be written 


AM X AN+ ST X WV = 2(ad + be)(AK X AH+ KEX HB) (2) 


(1) 


if we substitute vectors as above indicated. 
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Inasmuch as vector multiplication is commutative if no term of the product is 
of a degree higher than the second in the vectors employed, and if the scalar part 
only of the resulting product be considered, we may assume that the algebraic 
identity (1) has a geometric interpretation which may be derived from (2) by 
considering the scalar part only of the vector products indicated in (2). The scalar 
part of the product of two vectors may be taken as the positive product of the 
lengths of the vectors into the cosine of their included angle. Placing this inter- 
pretation on the scalar part of the products indicated in (2) the equation of the 
problem is at once obtained, and the truth of the theorem established. 

As no assumption has been made restricting any of the lines to any one plane 
the pentagon may, of course, be either plane or gauche. To help form a mental 
picture of a gauche pentagon, let ABCD be a tetrahedron, with edges AB, BC, 
CD, DA, AC, and BD, and let E be a point within or without such tetrahedonr. 
Then if E be connected with A and D by right lines the figure ABCDE will be a 
gauche pentagon. 

445. Proposed by CLIFFORD N. MILLS, South Dakota State College. 


Given the perimeter of a right triangle and the perpendicular falling from the right angle 
on the hypotenuse, to determine the sides of the triangle. 


Sotution By G. I. Hopxins, Manchester (N. H.) High School. 


Let x be the altitude and y the perimeter. Draw AB = y, and OH its | 
bisector. Make PH = z, and draw KN through H | toHO. Make PO = AP. 
With O as center and radius OA describe the circle ACB. Draw the chords 
CA and CB, and the radii OA, OB, and OC. Make Z ACD = Z CAD, and 
ZBCE= ZCBE. .*. DCE is the A required. For, 


K- N 
\ 
x ¢ 
\ 
\ 


Z AOP = 45°= Z POB. .. Z AOB = 90°. 
ZOAC=Z0CA and ZCAD=2Z ACD. .. ZOCD= Z OAD = 45°. 
In like manner Z OCE = 45°; .. Z DCE = 90°, AD = DC, and EB = CE; 

.". the perimeter of the ADCE = y, CF is | to AB, .. CF = HP =z. 
Note. The figure is not accurate as OP is not made equal to AP. 
Also solved by B. J. Brown, A. H. C. N. and NaTtHan ALTSHILLER. 


CALCULUS. 


356. Proposed by F. B. FINKEL, Drury College. 
A steel girder 1 ft. long and w ft. wide is moved along a passageway a ft. wide and into a 
corridor at right angles to the passageway. How wide must the corridor be to admit the girder? 


| 
) 

i 
| 

| 
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SoLuTION By UNKNowN AuvTnor, Stillwater, Okla. 


Pass a horizontal plane through the passageway, corridor, and girder. 
Let OP be the intersection with the corridor and OQ with the passageway. 


Take O as the origin of a system of rectangular codrdinates. See the figure. 


Suppose the ends P and Q of the girder to slip along the lines OP and 0Q 
respectively. 


« 
° 
Q 
= 
PASSAGEWAY 
| <—m 
16) 


As the end P is moved down the corridor the line PQ will move tangent to a 
curve such that the length of the tangent intercepted between the axes is the 


constant 
The differential equation of such a curve is: 


lp dy 
(1) y = Vite where ous. 
Differentiating with respect to p, we have 

Whence 

d 
(2) Fs =0, or p = constant, 
which gives the general solution, and 

l 


which gives the singular solution desired in this case. 
Solving for p in (3) and substituting in (1) there results 
+ 28 = PR, 
The intersection 7 of the line y = a with this curve is at z = (?* — a?*)3?, 
The equation of the line tangent at 2;, y; is 


P dy; Yi 18 qi8 


dy; = gi 
“4 


| 
| 
| 
1 
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The equation of the line RS parallel to PQ and distant w from it is: 


4 wait (MH). 
Substituting and simplifying, 


ai By wl 8 


The intersection of this line with the line y = ais at x = (?/ —a?4)82? +w([3/q'4), 
which is the required width. 

Also solved by W. A. FLanaGan and L. SIvIAN. 

357. Proposed by W. D. CAIRNS, Oberlin College. 


A continuous variable represented by a point on a vertical line changes according to such a 
law that it is reduced to 1/m of its value on being moved a units upward, irrespective of the special 
position from which it is moved. Find the law of change, that is, the relation between the variable 
y and the height / of the variable point above a fixed point of the vertical line. 


SoLuTIon By Swirt, University of Vermont. 


We are to solve the functional equation f(h + a) = (1/m)f(h). Taking loga- 
rithms of both sides we have the equation, log f(h+ a) = log f(h) — log m. Let 
¥(h) = log f(h) + (h/a) log m. Then log f(h+ a) = a) — [(h + a/a] log m, 
and log f(h) = ¥(h) — (h/a) log (m). The above logarithmic equation becomes 
¥(h + a) = yh), which is satisfied by any periodic function of period a. Then 
the function f(h) = = or f(h) = P(h) where 
P(h) is any periodic function of period a. 

Also solved by JoserH J. W. CLawson, and the Proposer. 


MECHANICS. 


289. Proposed by C. N. SCHMALL, New York City. 
A particle of elasticity e is projected with a were 4 v at an angle of elevation ¢ from a point 
on a smooth horizontal plane. Show that after zene seconds it will cease to rebound and 


will move along the plane with a uniform velocity v cos ¢. 


Sotution By A. M. Harprine, University of Arkansas. 


Let ¢; = time from A to Aj, tg = time from A; to Ae, etc. Equating the 
normal components before and after each impact we obtain 


21 SiN = evsin ¢, SIN go = et; SIN = Sin 
(1) 
03 SIN = SIN = e*vsin etc. 
V 
V; 
1 V, V; 
C2 3 


— | 
| 
| 
A A; A; 
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Hence, = (2vsin ¢)/g, = (2r, sin = (2evsin ¢)/g, ts = sin g2)/g 
= sin ¢)/g, etc. 
2v sin 2v sin 2v sin 


Equating tangential components before and after each impact we obtain 


COS ¢1 = UCOS V2 COS G2 = U1 COS G1 = VCOS 
(2) 


3 COS $3 = V2 COS Yo = VCOS yg, ete. 
From (1) and (2) we have 
v sin 2¢, = ev sin 2¢, v2” sin 2¢2 = ev sin 29, ete. 
Hence Total Range = Ri + + 
_ sin 2g , 2g, , sin 
g g 


_v si sin 2¢ 2 = sin 2 


Since the plane is smooth the particle will move with a uniform velocity v cos ¢ 


after it ceases to rebound. 
Also solved by Swirt, L. Srvran, Ciirrorp N. Mitts, Horace Otson, A. H. Witson, 
and J. W. CLawson. 


NUMBER THEORY. 


195. Proposed by E. B. ESCOTT, Ann Arbor, Mich. 
Find triangles whose sides are integers and one of whose angles is 60°. 


II. SoLUTION OF THE GENERALIZED PROBLEM BY R. A. JOHNSON, Western Reserve 
University. 

It is evident that there is no solution, unless the cosine of the given angle is 
rational. If, however, this is the case, there are always solutions. Let us assume 
cos 6 = m/n where m and n are relatively prime integers, such that n> 0, 
|m| <n. 

Now if a, b, ¢ be sides of a triangle in which @ is the angle opposite a, we have 


(1) — be + a’. 
Let 
q 
2 = 
(2) a rh 


where, as is always possible, p and g have no common factor. Moreover, it is 
obviously sufficient to consider only positive values of p and q; for a case in which 
they would have unlike signs may be reduced to this case by a change of notation, 


| 
| 
g gi — 
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i. e., interchanging b and c. Making the substitution and solving, we obtain 


c  2p(mp — nq) 
Combining (2) and (3), 
4 a_ + — 2mpq 


It does not follow, however, that when (4) is true c/b necessarily has the form 
(3). We find by substituting from (4) in (1) that 


¢ _ 2p(mp — nq) 2q(np — mq) 
©) b 
and each of these leads to the value (4) for a/b. Hence these expressions yield 


the only possible solutions, and we have as necessary conditions for solutions: 
Either 


a, = [n(p? + — 2mpd], a, = [n(p? + — 2mpq], 
Y, 
(6:) 4 b= y, or (62) &= [n(p? — 
X 
c = [2p(mp — nq)], C2 = [2¢(np — mg)], 
. Y; 


where Y; (¢ = 1, 2) is the highest common factor of the corresponding set of 
three expressions in brackets, and X is any positive integer. It remains to de- 
termine what limitations must be imposed on p and q in order that these formulas 
shall actually yield solutions. 

The numbers aj, b;, ¢: will all be positive, if and only if 


m> 0, 


and de, be, ¢2 are all positive if and only if 
q < Pp. 
When these conditions are satisfied, we easily show that in either case we have 
a+b>ec, and b—a<ec 


so that a, b, c are sides of a triangle. Moreover, 


and we actually have a solution. 


| 
q.m 
| 
cos A 
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It will be noted that the expressions in brackets in formulas 6; and 6, will 
often have a common factor. In the well-known special case of a right triangle, 
we need not compute in the case where a common factor exists, for it is known 
that by a different choice of p and q we get a similar triangle whose sides are prime 
numbers. Mr. Martin, in the solution above referred to, assumes (apparently 
correctly) that this is true also when m/n = 3. But in the general case this con- 


clusion is erroneous. That is, if we use the formulas 


(7) 
C1 = 2p(mp — nq), C2 = 2q(np — mq), 


we see that 

(a) in general, neither of the sets (a, b, c) has a common factor that could 
be removed from the expressions; 

(b) there exist triangles which cannot be expressed in the form (7) by any 
choice of p and q subject to the limitations we have determined. 


For, adding, we have 
G+ b+ = 2p(p — q)(m+ n), 
G+ b+ = 2(p+ q)(np — mq), 


and, for example, if a + b + c be a prime number no choice of p and q will satisfy 
either one of these alternative necessary conditions. It follows that there are 
solutions of our problem, sets having no common factor, that must be obtained 
by deriving from formulas 6; and 6, sets having common factors, then dividing 
out such factors. 

We summarize as follows: 

Let m and n be any two integers without common factor, n > 0,| m| <n. 
If a, b, c be three integers without a common factor, representing lengths of the 
sides of a triangle in which cos (b, c) = m/n, then the following formulas always 
give sets (a, b, c), and they give all possible sets: 

I: (applicable only when m > 0) 


cr 


1 1 
a= + — a= + 9°) — 2mpa], 


A 


1 1 


1 1 
= l2p(mp — nq)], — mq)], 


where p, g are any two relatively prime positive integers, such that in I g/p<m/n, 
in II g<pand in each case F is the highest common factor of the three brackets. 


| 
| 
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II: (applicable for all values of m) 

We can tabulate all possible common factors of either set of three brackets, 
namely; the following, and no others, will be common factors: in several cases, 
2 is a common factor; any factor common to (m+ n) and (p+ q); any factor 


common to (m — n) and (p — q); in I, any factor common to n and 9; in II, 
any factor common to n and q. 


An excellent solution of the special problem was received from S. A. JOFFE. 


210. Proposed by ELMER SCHUYLER, Brooklyn, N. Y. 
If a and b are relatively prime and (a + b) is even, then 


(a — b)ab(a + b) = 0 (mod 24). 
SoLution By L. C. Matuewson, Urbana, Ill. 


Since a and b are relatively prime, at most only one can be even; furthermore, 
since their sum is even, they must both be odd. Accordingly, let 


a= 2a,+ 1, b = 2b,+ 1. 
Then 


(a — b)(a + b) = 4a, — 4b,? + 4a, — 4b, 
= 4(a; + + — By). 


If, now, a; and b; are both even or both odd, a; — 0}; is divisible by 2 and thus 
(a — b)(a + b) divisible by 8. If either a; or b; is odd (the other even), then 
a; + 6b; + 1 is divisible by 2 and thus (a — b)(a + b) divisible by 8. Hence, in 
either case, under the conditions of the problem 


(a — b)ab(a + b) is divisible by 8. 


Should at least one of the two given numbers be divisible by 3, then the 
solution would be evident. If neither a nor 6 is divisible by 3, then 


a = 1 or 2, mod 3, and b = 1 or 2, mod 3. 


If both a and b are congruent to 1 or to 2 (mod 3), then (a — b) is divisible by 3; 
if one is congruent to 1 and the other to 2, then (a+ b) is divisible by 3. Hence, 
in all cases under the conditions of the problem 


(a — b)ab(a + b) is divisible by 3. 
Therefore, since (a — b)ab(a + b) is divisible by 8 and also by 3, 
(a — b)ab(a + b) = 0, (mod 24). 


Also solved by S. W. Reaves, H. T. S. A. Jorrse, Exisan Swirt, Horace OLson, 
E. E. Wuitrorp, and H. C. Fermster. 


| 
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QUESTIONS AND DISCUSSIONS. 
Epirep sy U. G. MircHetu, University of Kansas. 


This department was established as a medium for the discussion of questions 
relating to the teaching of collegiate mathematics and to incidental difficulties 
encountered by investigators. The publication of such questions and of replies 
to them naturally stimulates interest on the part of others whose work may be 
touched by these or by similar questions and difficulties. 

Interest in mathematics, however, is largely stimulated by the publication of 
papers and a reader often feels that he could add something of value by way of 
extension or brief comment, but fears that what he has to offer may seem scarcely 
worthy of presentation as a formal paper. If, at such a time, he felt that there 
was some suitable place for publishing his contribution, he would probably prepare 
and submit it. It might, indeed, happen that a considerable part of such con- 
tributions would not prove suitable for publication; but it might also happen 
that many of the articles would not only furnish much of value to others but also 
frequently lead to larger and more extended investigations on the part of the 
author. 

It has been suggested that this department ought to be broad enough to cover 
such discussions, and, believing the suggestion to be a good one, we are, ac- 
cordingly, changing the heading to “ Questions and Discussions ”’ and publishing 
below two discussions which are due to interest aroused by the publication of 
“‘A Geometrical Discussion of the Regular Inscribed Heptagon ” by J. Q. McNatt, 
in the January, 1914, issue. 

In assuming charge of the department the new editor wishes to thank the 
retiring editor, Professor Carmichael, for kindly assistance, and to express the 
hope that all friends of the department will continue their generous coéperation 
and support. 

All correspondence relating to this department should hereafter be addressed 
to U. G. MitcHELL, 1313 Massachusetts St., Lawrence, Kansas. 


DISCUSSIONS. 


Relating to the inscribed Heptagon, Nonagon and Undecagon. 
(Cf. Article by J. Q. McNatt, this Montuty, Vol. X XI, pp. 13-14.) 


I. Discussion By Cuiirrorp N. Mitts, Brookings, S. D. 


Let ADE be an equilateral triangle inscribed in a circle of unit radius and 
suppose the arc subtended by the side AD to be divided into three equal parts at 
points Band C. Draw the diameter HE and the chords AB, BC and CD. Also 
let fall a perpendicular BM from B to side AD. Let 2a be the length of the side 
of the regular inscribed nonagon. 

To compute 2a in terms of the radius as a unit. 

From the figure it is readily seen that 


| 

| 
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NE = 3/2, HN=1/2, and BK? = (3/2+ KN)(1/2 — KN). 


But since BK = a and KN = V 3a? + aV3 — 3/4 


a? = 3/4 —V 3a? + aV3 — 3/4 — 3a? — aV3 4+ 3/4. 
Simplifying gives ~ 
16a‘ + 8a°V3 — 12a? — 40V3 4+ 3=0. 


Solving by Horner’s method 


which gives 2a = .68404... as the side of the regular nonagon inscribed in a 
circle of radius unity. 


Approximate Construction of a Nonagon. 


By means of similar triangles it can be proved that CD = CE — AC and that 
CD is approximately 2/5 of AD. Hence, if the side of an inscribed equilateral 
triangle be divided into five equal parts, a radius equal to the length of two of 
these parts is the approximate length of chord for inscribing a regular nonagon. 
In fact, the 2/5 of the side of the inscribed equilateral triangle is slightly less than 
77/76 of the side of the inscribed regular nonagon. 


II. Discussion spy J. A. Cotson, Searsport, Maine. 


The “ Heptagon Cubic” as given by Mr. J. Q. McNatt, in the January number 
of this MonTuty, can be readily found by trigonometry from the following data: 


h=2sin7/7, sin@= sin (x — @). 


Put 6 = 32/7, then r — 0 = 4z/7, and sin 32/7 = sin 47/7, or 3 sin 1/7 
— 4 = (4 sin 2/7 — 8 sin® 1/7)V (1 — sin? 2/7). 
Since sin 7/7 + 0, we may divide the above equation by sin 7/7, thus obtaining 


3 — 4sin? 2/7 = (4— 8 sin? 2/7) V (1 — sin? x/7). 
Square both members of this equation, unite similar terms, and we have 
7 — 56 sin? x/7 + 112 sin‘ 2/7 — 64 sin® z/7 = 0. 
But sin 2/7 = h/2. Hence by substitution, we obtain the “ Heptagon Cubic ” 


B 
NZ 
a = .34202 | 
| 
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7 — 14h? + 7ht — = 0. 


This same equation can also be obtained by taking 6 = 27/7 and x — 0 
= 52/7 or by taking 6 = 2/7 and « — 0 = 62/7 and proceeding in a manner simi- 
lar to the above. 

We may find the Nonagon Cubic by the same process. For, let n be a side of 
a regular nonagon inscribed in a circle whose radius is unity. Then n=2 sin 7/9. 
Also sin 7/3 = sin (x — 2/3) = sin 27/3 = 2 sin 2/3 cos 7/3. Hence, dividing 
throughout by sin 7/3, we have 


1 = 2 cos 7/3 = 2(1 — 4 sin? 2/9) (1 — sin? 77/9). 
Square both members of this equation, unite similar terms, and we have 
3 — 36 sin? 7/9 + 96 sin‘ 7/9 — 64 sin® x/9 = 0. 
Substitute for sin 7/9 its value n/2, and we have for the Nonagon Cubic 
3 — 9n? + 6n* — n®é = 0. 
Hence, by Horner’s Method, we have 


n? = .467911113762043929595215, 
and finally 


n = .684040286651337466088199. 


The Undecagon Quintic can be found in the same way. For let wu be a side of a 
regular undecagon inscribed in a circle whose radius is unity. Then u = 2 sin x/11. 

Also sin 527/11 = sin (# — 52/11) = sin 67/11. Proceeding as before we find 
for the Undecagon Quintic 


11 — 55u? + 77ut — 44u® + 1lu® — = 0. 
Hence, by Horner’s Method, we have 


= .3174929343376376622763767, 
and finally 
u = .5634651136828593954228358. 
REPLIES TO QUESTIONS. 

17. In analytic geometry, simplicity and directness are gained by making the condition 
for the collinearity of three points and the equation of the straight line depend upon the deter- 
minant formula for the area of a triangle. Similar advantages are gained by making the condition 
of complanarity of four points and the equation of the plane depend upon the determinant formula 
for the volume of a tetrahedron. The former is given in the texts. Why should not the latter 


be given? A uniform method of developing these two determinants is desired from some con- 
tributor. 


Repity sy A. M. Kenyon, Purdue University. 

Let ABC be a triangle whose vertices are (21, y1), (22, y2), and (as, ys) and let 
A’, B’, C’, be the projections on the z-axis of these points. We may suppose that 
the notation has been so chosen that x; = 22 = 23; and we assume at first that 
the vertices of the triangle all lie in the upper half plane. 


Area ABC =! [Area A’ACC’ — Area A’ABB’ — Area B’BCC’ 
= + + — 21) — (yr + yo) — 21) — (y2 + ys) (23 — 


| 
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or, setting + ye + y3 = 8, 


s—y 1 m1 1 
Y2 22 = + Yo 
23 1 ys 1 


If the triangle does not lie wholly in the upper half plane, we may choose a 
new x-axis, at a distance a below the old one such that this condition is satisfied ; 
then, 


yta il m1 1 
1 1 
Area = + 5 yta il =+5\%2 
Ysta il ys 1 


The symmetry of the result shows that it is independent of the order of choice 
of the vertices except as to the sign factor. The + sign holds when A, B, C, is the 
positive direction of the perimeter of the triangle; i. e., such that if one traversed 
the perimeter passing through the vertices in the order A, B, C, the area inside 
the triangle would lie always on the left. 

Let ABCD be a tetrahedron whose vertices are (a1, yi, 21), (2) Yo, 22)» 
(x3, Ys, 23), and (24, ys, 24); and let A’, B’, C’, D’, be their projections on the zy- 
plane. We may suppose the notation to have been so chosen that A’, B’, C’, is 
the positive direction of the perimeter of the triangle A’B’C’, and that D’ lies 
within the angle A’B’C’. We assume that the vertices of the tetrahedron all lie 
on the positive side of the zy-plane. Then, 


Vol. ABCD =*+ [Vol. A’B’C’ABC — Vol. A’B'D'ABD 
— Vol. B’C’D’BCD*+. Vol. C’A’D’CAD}. 
By means of the rule for finding the volume of a truncated triangular prism, 
this reduces, on setting 2; + 22 + 23 + 2 = s, as follows: 


yl 


Vol. A’B'C'ABO = ys Vol. A'B'D'ABD =| 
y2 1) 
Vol. B’'C’D’'BCD = [23 Vol. C’A'D'CAD = + 1 S 22 
Y4 1 Ye 1 


1The + sign holds when B and B’ are on the same side of AC, and the — sign when they are 
on opposite sides. 

2 The + sign holds when D and D’ are on the same side of the plane ABC, and the — sign 
when they are on opposite sides. 


* The + sign holds when D’ is outside the triangle A’B’C’, and the — sign when it is inside. 
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where in the last, the + or — sign is to be taken according as D’ is inside or 
outside the triangle A’B’C’. Substituting these values above, 


1} %— 2 ye 1 Yo 1 
Vol. ABCD = + & =+¢ , 
ig. Be 1 Y3 33 1 
S— 2% 1 Sa m 


If the tetrahedron is not wholly above the zy-plane, we may choose a new 
zy-plane below the old one such that this condition is satisfied and, as in the 
case of the triangle, show that the formula still holds. 

The result is again independent of the order of choice of the vertices except 
as to sign which is affected by a change of order in an obvious manner. 


14. In the process of solving a certain physical problem Professor H. 8. Uhler, of Yale 
University, was led to the definite integral 


a +z 
- — dy, 
for which he found the value 


1 3a , 1 
a and c being positive constants. Professor Uhler would like to see how other persons attack the 
problem of evaliating this integral. 
(Note: Several good solutions have been received in reply to the above request one of 
which was published in December and others may be published later; but since there are some 
who would be interested to see Professor Uhler’s method we give it below.—Editor.) 


Repty sy H. Unter, Yale University. 


a +z 
I ={ (a? — ede dy. 


Differentiate J with respect to the parameter c, then 


(a? — 2*)adx e~ “dy, 


which can be evaluated at once and gives 


Let 


We can now integrate both sides of this equation, thus 


Gs. 6 6a 6 , 2a? 


1 3 1 3 


whence 


i 

| 
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NOTES AND NEWS. 


Epitep By W. D. Carrns. 


Dr. W. A. Hurwitz has been promoted to an assistant professorship of 
mathematics at Cornell University. 


Dr. Dante BucHANaN is assistant professor of mathematics at Queen’s Uni- 
versity, Kingston, Ontario. 


Dr. H. E. BucuanaN is professor of mathematics at the University of Tennessee. 


The Michigan State Teachers’ Association met at Kalamazoo, October 29, 
30, 31. Mr. L. P. Jocetyn, of the Ann Arbor High School, presented a paper 
before the High School section devoted to the terminology of mathematics. Pro- 
fessor L. C. Karprnsk1, of the University of Michigan, presented a paper before 
the same section on correlation between arithmetic, algebra and geometry. 


A table of Natural Sines to every second of arc, and to eight places of deci- 
mals, computed by E. Girrorp, was recently printed by Abel Heywood & Son, 
Manchester, England. The table covers 540 pages and is based on the well- 
known tables of Rheticus which were computed during the sixteenth century 
and have been revised by many later writers. 


Washington University, St. Louis, includes in its courses in descriptive geom- 
etry a treatment of the subject of axonometry. Does any of our readers know 
other institutions where work in this line is given? 


In the number of the Bibliotheca Mathematica, dated August 6, 1914, G. 
Enestrém makes additional remarks on modifications and corrections relating 
to the well-known Vorlesungen iiber Geschichte der Mathematik by Moritz Cantor. 
On page 281 of this number it is stated that unless one verifies the statements 
in Cantor’s history one should regard them with suspicion. The corrections 
which have been noted in the Bibliotheca Mathematica have already reached the 
surprisingly large number of about 2,000. 


H. E. Trmerpine has recently issued a pamphlet entitled “Die Verbreitung 
mathematischen Wissens und mathematischer Auffassung”’ as part of the large 
series of books published by B. G. Teubner, Leipzig, Germany, under the general 
title “Die Kultur der Gegenwart.” This pamphlet has been reviewed critically 
by G. Enestrém in a recent number of the Bibliotheca Mathematica. 


The students of mathematics at the University of Illinois maintain two 
mathematical clubs. One of these is mainly for undergraduates and first year 
graduates, and holds its meetings once a month. The other meets about twice 
a month to consider reports and papers by members of the faculty and advanced 
graduate students. For the past year Mr. C. M. HeBBert was chairman of 
the former, while Professor G. A. MILLER was chairman of the latter of these 
two clubs. 
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So few works relating directly to the history of mathematics have been pub- 
lished in Italian that such a work as Archimedes e il suo tempo, by P. Midolo (Syra- 
cuse, Prem. Tipografia del “‘Tamburo,” xxv+523 pp., 1912), is especially 
noteworthy. As the title indicates the author is concerned chiefly with the life 
and times of Archimedes. In the preface explicit statement is made that the 
book, dedicated to the cultured citizens of Syracuse, is not a work of erudition, but 
for the populace and the young student. However, the writer adds that neither 
is this a work of fantasy. A very readable account is presented, not only of the 
life but also of the works of Archimedes. Some effort is made to give a fairly 
complete bibliography, but prominent among the omissions are the articles by 
Tannery and Heath’s Archimedes. The history of Syracuse is treated exten- 
sively, and also the general topic of mathematical instruction in ancient Greece. 


In School Review for October Mr. E. R. Breslich, of the University of Chicago 
High School, makes answer to the reported criticism of Superintendent Francis 
of the Los Angeles schools: “God bless the girl who refuses to study algebra. 
It is a study that has caused many a girl to lose her soul.” Mr. Breslich main- 
tains that the friends of algebra have in recent years brought about notable 
changes, in that much abstract work is omitted or postponed to a later stage; 
that the subject is being vitalized by bringing it into touch with real life; that 
the processes of algebra are now illustrated and represented concretely by using 
space material. He thinks that pupils, under these circumstances, will have a 
fair chance to find out whether they like the subject and are able to do the work 
successfully, and that it may prove wise, on account of the abstract character of 
algebra, to teach algebra and geometry side by side. He concludes that those 
who protest against the old should help us to formulate the new. 


During the autumn and winter quarters a course in advanced calculus is 
offered by Professor E. J. W1tczynsk1 in the University College of the University 
of Chicago. This course is given at a time which will suit the convenience of 
high school teachers of mathematics in Chieago and vicinity. 


The Columbia University Quarterly for September 1914 contains a tribute to 
the American astronomer GEORGE WILLIAM HILL, who lectured for several years 
on celestial mechanics at Columbia University. A good portrait accompanies 
the article. 


A paper by Professor G. A. MILLER entitled “ Recent mathematical activities” 
appears in the November number of Popular Science Monthly. In this article 
Professor Miller comments, among other matters, on Sundman’s solution of 
the three-body problem, the various American mathematical journals, the 
mathematical encyclopedias, and the present year’s activity in the International 
Commission on the Teaching of Mathematics. 


In Volume 10 of the eleventh edition of the Encyclopedia Britannica, under the 
word Fermat, there appears the following statement: “He died in the belief 
that he had found a relation which every prime number must satisfy, namely 
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2"-+- 1=a prime.” It is very evident that most of the small prime numbers 
are not of thisform. Inthe noted French encyclopedia, called Nouveau Larousse, 
there appears, under the word substitution, the following statement: “The 
notion of group due to Galois has opened a vast field.” Every one ought to 
know that the notion of group is much older than the work of Galois. As these 
statements appear in works which are generally regarded as very reliable they 
are of especial interest. (G. A. Miller, in School Science and Mathematics.) 


In memory of Professor J. L. GILpatRIck, professor of mathematics in Denison 
University from 1873 until his death in 1912, the alumni society has raised a 
scholarship fund of $1,200. 


Professor O. E. GLENN has been promoted to a professorship in mathematics 
in the University of Pennsylvania and Dr. H. H. MircHeE 1 to an assistant pro- 
fessorship, while Dr. L. J. REED has been appointed instructor in mathematics. 


According to Science, the University of Louvain has accepted the offer of 
Cambridge University to give the free use of its libraries, laboratories and lecture 
rooms during the present crisis, in order that the work of the Belgian University 
as a corporate body may be carried on without breach of continuity. Cambridge 
University has only 1,500 students, as against 3,500 last year, and other insti- 
tutions report a similar shrinkage. The German universities have about one 
third of their usual attendance. 


Miss Marian E. DanreEzts, formerly a graduate student at the University of 
Chicago, and later teacher of mathematics in the Fort Wayne, Indiana, high 
school, has accepted an instructorship in mathematics at Iowa State College, 


Cedar Falls. 


After ten years of successful experience, the Mathematical Club of Syracuse 
University has been reorganized into a mathematical fraternity, Pi Mu Epsilon, 
whose aims are the advancement of mathematics and scholarship. The fraternity 
was incorporated under the laws of the state of New York under date of May 
25,1914. The charter members consist of members of the mathematical faculty, 
graduate students in mathematics, and undergraduate major and minor mathe- 
matical students. Among the powers granted under the articles of incorporation 
is that of granting charters to other chapters to be organized elsewhere. 


At Washington University, Mr. Raymond DuHadway has been appointed 
to an instructorship in mathematics for the year 1914-15, to fill the vacancy 
made by the resignation of Mr. James E. Donahue. 
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THE HISTORY OF ZENO’S ARGUMENTS ON MOTION: 
PHASES IN THE DEVELOPMENT OF THE THEORY OF LIMITS. 


By FLORIAN CAJORI, Colorado College. 
B. ARISTOTLE’S EXPOSITION AND CRITICISM. 


The purposes of Zeno’s arguments, as set forth by Cousin, Grote, and P. 
Tannery differed from the purpose as it was understood by Plato, Aristotle, and 
the later Greek writers. The three modern interpreters gave to the arguments 
settings in the history of Greek thought which exhibit them as flawless in logical 
rigor. On the other hand, Aristotle and subsequent Greek writers interpreted 
the arguments as fallacies and expended their mental acumen in attempts to 
point out the real nature of the fallacies. Except for the recent studies of Cousin, 
Grote, and Tannery, the history of Zeno’s arguments against motion has been 
for over 2,000 years the history of attempts to explain Zeno’s “fallacies.” Aris- 
totle acknowledged the great difficulty in exposing their hidden source of logical 
error. The sixth book of his Physics is devoted to the exposition of the subtle 
notions of continuity and infinity. In fact, the entire Physics, of the size of 
about 225 ordinary modern pages of print, gives all of its eight books to discussions 
of the notions of motion, divisibility, continuity, infinity, and the vacuum. As 
one reads the Physics one is impressed by the fact that the great Stagirite did 
not hesitate to restate his arguments repeatedly. For twenty centuries Aristotle’s 
criticisms of Zeno have been the starting points of philosophic discussion; for 
twenty centuries Zeno’s fallacies have puzzled many of the best minds. Like 
the problems of the trisection of an angle, of the squaring of the circle, and of the 
duplication of the cube, Zeno’s fallacies have challenged some of the best brains; 
but, like the former problems, have finally been forced to surrender their secrets 
and to enter the group of “problems of the past.” 


Before entering upon the study of Aristotle we must refer to the atomistic 
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